EULER-CAUCHY NON-HOMOGENEOUS LINEAR DIFFERENTIAL EQUATIONS

[higher order] [b,x"D" +bx"'D"" +..+b _,xD+b ]y =h(x
0 1 n-1 n

can be expressed in terms of constant coefficients by changing independent variable x to z with x=¢’.

dx dz , 1
z=Inx and 'w+—=¢* . —=e¢e
Z dx X

z

U X=€

2 n
Defintion of differential operator: D, :i, D’ :d—2 D’ = d
dz dz dz"

dy dzdy _,dy 1
= =—"2-¢*"ZL=e’'Dy==D XDy =D
dx dxdz dz =5 =R
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1
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D%y
- x*D’y=D,(D, -1)y

Similarly, x’D®y=D,(D,-1)(D, -2)y,----, x"D"y=D,(D, -1)(D, - 2)..[D, - (n-1)]y
Substituting to the equation gives an n-order linear differential equation with constant coefficient

[b,D, (D, ~1)(D, -2)..[D, - (n-1)]+b,D,(D, ~=1)(D, - 2)...[D, = (N=2)]+---+b,,D,(D, -1 +b,,D, +b, ]y = h(e?)




X’y" —4xy' + 6y = 6x+12
Let x=e*=z=Inx and [D,(D,-1)-4D, +6]y =6e” +12
D,(D,-1)-4D,+6=0=D,=2,3 and y, =c,e”’ +c,e* =¢,x* +c, x°

@y, = 6 e’ +— L 12 = 6
(D, -2)(D, -3) D;-5D,+6  (-1)(-2)

(2) y, =u(z)e* +v(z)e*

eZ+(%+---)12:3eZ+2:3x+2

0 e’

6e’ +12  3e* 6e*t +12e% S 2 ~ e

u() = [~ = dz:-dez=—j(6e +12e7%*)dz = 6e " +6e
2e22 3e3z

e” 0

2e**  6e’ +12 3 2
v(2) :j - dz = I oe +5:ZLZe dz = _[(Ge‘zZ +12e7)dz = -3¢ —4e”™

e e

y, = (67 +6e %" )e* +(-3e ¥ —4e " )e* =6e’ +6—3e” —4=3e’ +2=3x+2

G.S. y=¢,x*+c, x> +3x+2

LEGENDRE DIFFERENTIAL EQUATION

[Higher order]

. dn o dn—l d
b, (ax+b) dxny+bl(ax+b) 1dxn¥+...+bn1(ax+b)d—§+bny:h(x)

[b,(ax—b)"D" +b, (ax+b)"* D" +...+b_, (ax+b)D +b, ]y = h(x)




z=In(ax+Db)

2 n
(ax+b)=e’ =1 dz a _and Defintion of differential operator: D, =i, D’ :d—2 D’ = d
—= =ae™’ dz dz dz"
dx ax+b
dy dzdy . ady ,z a
wDy=—"=—-—=ae"—=ae‘D,y= D .. (ax+b)Dy =aD
{ Yo T dx dz dz Y= yp Y - (@x+D)Dy=ab.y
2
oDy = d Z:i[ae’ZDzy] :%i[ae’zDzy] =ae‘[ae D’y -ae’D,y]
dx dx dx dz
2,-212 a’ 22 2
=a‘e’D,(D,-)y=———-D,(D,-1)y ..(ax+b)°D°y=a°D,(D, -1)y
(ax+b)

Similarly, (ax+b)’D*=a’D,(D, -1)(D, - 2); (ax+b)*D* =a’D, (D, —1)(D, —=2)(D, —3);--++++--- ;
(ax+b)"D" =a"D,(D, -1)...[D, - (n-1)]

Example (3x+2)° y"+3(3x+2) y'—36y=3x>+4x+1

Let 3x+2=e¢’=2z=In(8x+2)

o (3x+2)% = (9x* +12x + 4) = 3(3x° +4x+%) - 3x? +4x+1:%(3x+2)2 —%

[90, (D, ~1)+9D, ~36] y =9(D? ~2)y = £ (¥ -1 = (DI~ 4) y =-_ (¢ -1)

2z -2z
y,=¢Ce”“—-c,e

= 1 1

1 .1
Yo 2

, 1 1,26 1 1 ,
=———(e"-1)=—] e ————1]=—( +2)=——(ze"" +1)
27 D?—4 27 (D,-2)(D, +2) D’ 4 27 4 4" 108

s y(2)=c e’ —-c,e” +ﬁ(ze22 +1) ~GS. y(X)=c,(B8x+2)*+c,(3x+2) % + %[(w +2)°In(8x + 2)* +1]
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ITheorem 1] For a given function f(t) that is defined for all t>0, the Laplace transform £[f (t)], provided the integral converges,
is defined by multiplying f(t) with e™ and integrating with respect to t from zero to infinity, i.e.

£[f(t)]= j:’ f(t)edt = F(s).
The integration variable is t as the variable of original function, and hence the integral defines a function of the new variable s as the
variable of its Laplace Transform.
The inverse Laplace Transform of F(s) isa function f(t), meaning that £[f (t)]=F(s) implies £'[F(s)]= f(t).

[Theorem 2] Summary

Unit step function u(t)={f 9 gives £[1]:l, £[N]:ﬁ and £'1[l]:1, £'l[ﬁ]:N for s>0.
S S S S

I I n
Power function t" gives £[f(t)]=£[t"]= ?;1 and £7( r:;l):t” or £7( L):t—l, for s>0.
S s s n!
£[eat]: l ’ £l[ l ]=eat’
Exponential functions e and e* when t>0, where a is constant, give ST o 5—a for s>a.
—at 1 -1 1 —at
fle™*]=—— £ [—]=e
s+a s+a
cos(at) and cosh(at), when t>0, where a is constant, give
s
£[cos(at)] = ———; £7(———) =cos(at)
S +"’; >+a , s>a(20).
a4, S
£[cosh (at)] = 7 £ 1(m) = cosh(at)
sin(at) and sinh(at), when t>0, where a is constant, give
4, a :
£[sin(at)] = —— (7, ) =sin@)
S +aa , $>a(=0).

£[sinh h (at)] = 5—1(32_%) —sinh(at)

s’ —a?




[Theorem 3] Laplace Transform of Derivative
The Laplace Transforms of differentiation of f(t) is replaced by multiplication of £[f(t)] by s such as

E[fMM]=s"£[f(t)]-s"" f(0)-s"?f'(0)...f"*(0) for s>a.
E[T'(t)]=s£[f ()] F(0)
ELF"(0]=s”£[f (] -s f(0) - f'(0)
[Theorem 4] Function Defined By Integral
The Laplace Transforms of integration of f(t) is replaced by division of £[f(t)] by S such as

B [, FO 00T =SB and £ ELFOD= [ o f) 10 .

t .
y +y+3j'ozdt:cost+35|nt.Find y@t) at y(0)=-3 z(0)=2.

2y'+37'+62=0
£[y]+£[y]+3£[j zdt] = £[cost] + 3 £[sint] = s £[y] - y(0) + £[y] +— £[z]_ i1 323+1 N (s+1) £[y]+— £[]_S+3 -3
2£[y]+3£[z]+6£[z]_0325£[y]—2y(0)+3$£[z]—32(0)+6£[z]_0 23£[y]+3(s+2)£[z]_0
[s+3 _3] 3
s’ +1 S s+3
£y 3(s+2) _(m_3)3(5+2) 3(5+3)(s+2)-9(s+2)(s*+1)  s+2 _3 S+2
= - 3 | (s+1)3(s+2)-6 35(s +3)(s” +1) TSP+ s(s+3)
S
25 3(s+2)
o 21 1= ,s-l{1 £[cos(t)] + 21 £[sin(®)]} = j; cos(t)dt + 2 J.Otsin(t)dt = sin(t) — 2cos(t) + 2
s(s” +1) s y(t) = —2cos(t) +sin(t)—e ¥,  t>0.
R LR e B S R RIS
s(s+3) S+3 s



FURTHER PROPERTIES OF LAPLACE TRANSFORM
[Theorem A] First Shifting theorem (Shifting in the S-Variable) % - # =232

Ele* f(M)]=£[f()],, .. =F(s—a) < £7'[F(s-a)=e™ £7'[F(s)]=e™ f(t) for s-a>0
Ele™ f (O] =£[f ()], 5. =F(s+a) = £7'[F(s+a)]=e £ [F(s)] =™ f(t) for s+a>0

Use Laplace Transform to solve an initial value problem, y"(t) +2y'(t) +5y(t) =e"'sin(t); y(0)=0, y'(0)=1.
. 1 s +2s+3
Solution (s* +2s+5)Y(s)-1=———=(s* + 25 +5)Y(s) =————
(5725 +9)7(s) (s+1)2+1:( F2sIN(S) (s+1D°+1
B s°+2s+3 _ (s+1?+2 1 2, 1 ]
(s> +2s+5)[(s+D? +1] [(s+D>+4l(s+D*+1] 3 (s+D*+4 (s+1)*+1

“Y(s)

-~y :%e‘ [sin(2t) + sin(t)]

[Theorem B] Differentiation of Laplace Transform

n

d"F(s) d
ds"

ds—n:

F(s)=£[f(t)] = (D" E£[t"f(t)] or £[t"f(t)]=(-D)" F(s)

Solve the initial value problem ty”+(4t-2)y'—4y =0; y(0) =1.



45 +8 3

Solution  Let £[y(t)] =Y (s) = (s* +4s)Y'(s) + (45 +8)Y(s) =3 or Y'(s)+ s(s + 4) ()_s(s+4)
I 45+8 J- 45+8 e -[25(23:) e72j52+45d(sz+4s) — @-2In(s’+4s) _ 1 J- 4548
ds ds
Y(s)ze 6+ [J‘ (5+4) dec]: s*(s+4)° and Ie e 3 go_ g2 (s +6)
s(s+4 J-2(25+4)d 2] 1 d(s?eas) , s(s+4)
el s 2,46 _e s244s :ezln(s +4s) =3 (S+4)
1, S+4+2 1 S+4 2 _ 2 _
, £ “1=£7] S]=eME? [ +—]=e"(1+2t)
Y(s)=S (s+6) ¢ (s+4) (s+4)° (S 4)° s*
T Q2 2 2 2
SO SO e oo [t (@) = ot te ™ o]
s2(s+4) 0do 32 16 16 32
GS. y(t)=e ™" +2te™ —c [i—it ~ L —ie_“]
32 16 16 32

[Theorem C] Integration of Laplace Transform

f(t)]

£[f (1)] = F(s):>j j F(s)(ds)" = £[—2] or £[¥]:f..fF(S)(ds)"

[Theorem D] Second Shifting theorem (in the t-Variable) % = # 232

E[f(t-a)u(t—a)]=e ™ £[f ()] = e *F(s)

IF £[f ()] = F(s), th
[ ()] (S) en { £—1[e—a5|:(5)]:u(t—a){£’1[F(S)]}Ht-a

t<3

0
Solve the initial value problem y"+4y = f(t), y(0)=y'(0)=0 and f(t)= {t (53"



Let £[y]=Y(s), £[y" +4y = f ()] = s?Y —sy(0) — y'(0) + 4Y = £[f ()]

CE[FO)]=E[tu(t -3)]=£{[(t—3) +3Ju(t —3)}=£[(t —3)u(t —3)] + £[3u(t —3)] = Size“ +§e35

3s+1 3s+1 . 1. 3 1
e > Y="0—e " =—[5—e " +—5—
S s°(s°+4) ST s +4 S°+4

For t>3, y(t)= J:(J:{3cos[2(t—3)]+%sin[2(t—3)]}dtjdt

(S +4)Y =

e 1= y(t) :E‘l{siz£[3cos 2(t-3)u(t-3)+ %sin 2(t-3)u(t-3)I}

Let t-3=z, y(t)= j;{j;3[3cos(2f)+%sin(2r)]df}dt: j;[gsin(zf)—%cos(zr)]zﬁdt: J:{gsin[Z(t—3)]—%c03[2(t—3)]+%}dt

3

Let t-3=17 again, y(t)= j;3[gsin(2r)—%cos(21)+%]dr =[—%cos(2r)—%sin(Zr)+%r]g‘3 = —%cos[Z(t—3)]—%sin[2(t—3)]+%(t—3)+Z

0 t<3

y(t) = %{2’[ —6cos[2(t —3)]-sin[2(t-3)]} t>3

[Theorem E] Reduction by Partial Fraction

(A) £[f(t)]:P(S): A + A - A +ot A +..+ A,
Q(s) s—-a s—-a, s-—a, s—a, s—a,

- P@@) a

f(t)=f,(t)= g™

(1) =1, ;Q(ar)e

P(s) _ P(s)/a(s) __4(s)
Q) (s-a)" (s-a)
L)t eat[¢"’”(a)ﬁ "M@t 0@ ¢(a) t? =

f(t):fZ(t):eath:;‘(r—n)!(n—1)!: ol e i e 2T o2 @ o

@) £[f()]=




P)_ Ps) @)
Q) [(s+a)° +b71a(s) [(s+a) +b7]
e—at

Let s=-a+ib, ®(-a+ib)=R, +il, and then f(t)= f3(t)=T[Im cos(bt) + R, sin(bt)]

(© £[f(D)]=

CONVOLUTION THEOREM

It is sometime useful to have a formula for the inverse Laplace transform of a product F(s)G(s) in terms of the inverse transforms of

F(s) and G(s).
If £7'[F(s)]=f(t) and £7[G(s)]=g(t), then

£ [F(S)G(S)]=E {ELF OIElO®]} = [ T (t-a) g(a) da = [ F(1) g(t-a) da,
where f(t)*g(t) = Jz f(t—a) g(a) da will be a function of t and is usually called the convolution of f(t) with g(t).

An integral equation is defined as £['|'; ft—a)g(a)da]=£[f ()]£[g(t)].

Solve the initial value problem y”+4y=2e™"; y(0)=y'(0)=0.
Let £]y]=Y(s)

, 2

s* £[y]-sy(0) - y'(0) +4 £[y] =

2
1M ey

S+

y(t) = £*(E[e " 1£fsin(2t)]) = j;e-“-“’ sin(2a)da = %[sin(Zt) —2cos(2t) + 2]
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Find a function f(t) satisfying f(t):e’t+2j;e’3xf(t—x)dx

Hint: Integral Equation: £[j;f(t—a)g(a)da]: E[f ()] £[g(®)].
3t 1 2
E[f (D] = —+2£[e ETO]= 7+ 3T O]

s+3

£[f()]= andthen f(t)=e™ 1+ 2t)




